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1.0 SUMMARY 

This report details a method of determining the optimal reference trajectory for a controlled 
agent.  The reference trajectory is chosen assuming that the system begins in steady state and the 
objective is to minimize control effort.  The report includes the motivation for this design, a 
derivation of the algorithm, and simulation results. Based on the trajectory optimization of a 
single agent, distributed adaptation can be applied for a multi-agent network, e.g. satellite 
constellations. 

2.0 INTRODUCTION 

In many control applications, such as satellite orbit stabilization, fuel savings are an important 
consideration.    Furthermore, every real system is subject to uncertainties and disturbances.  In 
the presence of uncertainties, estimation is necessary to solve this optimization problem.  An 
adaptive control architecture, named L1 adaptive control, provides a framework where 
uncertainty estimates can be used to solve the optimization problem if we consider a system at 
steady state. L1 gain of a linear time-invariant (LTI) system is defined as the L1 norm of its 
impulse signal. L1 adaptive control got its name because its stability condition is usually 
expressed using L1 gains.  

3.0 METHODS, ASSUMPTIONS, AND PROCEDURES 

3.1    Problem Formulation 

Consider a single-input single output system with full state feedback, 

xሶ ሺtሻ ൌ A୏xሺtሻ ൅ Bu୏ሺtሻ ൅ σሺx, tሻ        (1) 
xሺ0ሻ ൌ x଴ ൌ 0  (2) 

For any controllable AK, B, there exists K ∈            ,୬ such that a nominal control signal܀
-KTx(t) stabilizes the system, i.e. AK – BKT is Hurwitz. We can then represent the system in (1) 
as 

xሶ ሺtሻ ൌ Axሺtሻ ൅ Buሺtሻ ൅ σሺx, tሻ        (3) 

where A = AK - BKT and u(t) = uK(t) + KTx(t).  Because σ(x,t) is bounded, this system is still 
controllable even in the presence of these uncertainties. 

The control objective is for x(t) to maintain a give constraint, g(x) = 0, while 
simultaneously minimizing ||u(t)||2. 

3.2    Reference Optimization 

To achieve the control objective, we determine an optimal reference point at every time-
instant.  The time-history of these reference points constitutes a reference signal, r(t), for the 
system to track.  To determine r(t), we first assume that the system is in steady-state and tracking 
r(t).  This allows to rewrite (3) as 
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0 = Ar(t) + Bu(t) + σ(r,t)  (4) 

Solving (4) for u(t) yields 

u(t) = -B-1(Ar(t) + σ(r,t))  (5) 

and 

||u(t)||2 = u(t)Tu(t) = (Ar(t) + σ(r,t))T(B-1)TB-1(Ar(t) + σ(r,t))       (6) 

We can now formulate the optimization problem as 

min୰ሺ୲ሻ f൫rሺtሻ൯ ൌ ൫Arሺtሻ ൅ 	σሺr, tሻ൯
୘
ሺBିଵሻ୘Bିଵ൫Arሺtሻ ൅ 	σሺr, tሻ൯       (7) 

subject to  g(r(t)) = 0       (8) 

To solve this problem, we define the Lagrangian, 

L(r,v) = f(r(t)) + vg(r(t))       (9) 

The optimal r(t) then satisfies 

,Lሺr׏ vሻ ൌ ቈ
2A୘ሺBିଵሻ୘Bିଵ൫Arሺtሻ ൅ σሺr, tሻ൯ ൅ v ୢ୥

ୢ୰

gሺrሺtሻሻ
቉ ൌ 0      (10) 

The remaining issue is that σ(r,t) is unknown.  To account for this, we replace σ(r,t) with 
an adaptive estimate, σෝሺtሻ.  Then we choose r(t) such that 

,Lሺr׏ vሻ ൌ ቈ
2A୘ሺBିଵሻ୘Bିଵ൫Arሺtሻ ൅ σෝሺr, tሻ൯ ൅ v ୢ୥

ୢ୰

gሺrሺtሻሻ
቉ ൌ 0      (11) 

is satisfied.  The adaptive law that generates σෝሺtሻ will be derived in the following section. 

3.3    Control Algorithm 

The control algorithm consists of a state predictor, adaptive law, and control law. 

3.3.1 State Predictor.  The state predictor is a dynamic system designed to mimic the structure 
of (3), 

xොሶ ሺtሻ ൌ Axොሺtሻ ൅ Buሺtሻ ൅ σෝሺtሻ (12) 

3.3.2 Adaptive Law.  The adaptive law is designed to drive the error between the predicted state 
and the real state to zero.  To do this, we look at the dynamics of the prediction
error, x෤ሺtሻ ൌ xොሺtሻ െ xሺtሻ.  This yields 



Approved for public release; distribution is unlimited.
3 

x෤ሶ ሺtሻ ൌ Ax෤ሺtሻ ൅ σෝሺtሻ െ σሺx, tሻ      (13) 

The solution of (13) at t = (i+1)T is 

x෤൫ሺi ൅ 1ሻT൯ ൌ e୅୘x෤ሺiTሻ ൅ ׬ e୅ሺ୘ିதሻσෝሺiT ൅ τሻdτ
୘
଴ െ ׬ e୅ሺ୘ିதሻσሺx, iT ൅ τሻdτ

୘
଴       (14) 

We choose σෝሺtሻ ൌ σෝሺiTሻ for t ∈ [iT, (i+1)T).  This allows us to take σෝ out of the integral in (14). 
Since σ(x,t) is unknown, we neglect its effects for the selection of σෝ(t).  So to find σෝ(iT), we 
neglect the third term on the right-hand side of (14) and set x෤൫ሺi ൅ 1ሻT൯ ൌ 0.  This yields 

σෝሺiTሻ ൌ െ ቂ׬ e୅ሺ୘ିதሻdτ
୘
଴ ቃ

ିଵ
e୅୘x෤ሺiTሻ      (15) 

3.3.3 Control Law.  The control law is designed to drive xොሺtሻ to r(t).  This combines with 
adaptive law drives x(t) to r(t).  The first part of the control law is designed assuming σෝሺtሻ ൌ 0.  
Then we simply use the steady-state gain, 

uଵሺtሻ ൌ െሾAିଵBሿିଵrሺtሻ      (16) 

The other component of the control law serves to cancel the effects of σෝሺtሻ.  To do this, we 
simply choose the opposite of σෝሺtሻ and apply a low-pass filter to compensate for the effects of 
the high-gain feedback adaptive law, 

uଶሺtሻ ൌ െCሺsሻσෝሺtሻ (17) 

The total control law is  

u(t) = u1(t) + u2(t) (18) 

3.4    Extension to Multi-Agent Systems 
A satellite constellation is a group of artificial satellites that work together to fulfill some 
common objectives. Through coordination, the constellation members can fulfill cooperative 
tasks that a single satellite could not. For example, coordinated ground coverage can be achieved 
such that constellation members overlap well in coverage and complement rather than interfere 
with each other.  A second example is to coordinate multiple satellites with different onboard 
sensors to extract additional information about a sensed target using sensor fusion. Maintaining 
reliable communication links between satellites and ground stations is another critical 
requirement for many satellite constellations. 

Consider a constellation of three satellites. The dynamics of each satellite are described as 
follows [1]. The reference coordinate system has the x-axis pointing toward the vernal equinox 
and the z-axis pointing upwards. The right-hand convention defines the y-axis, completing the 
triad.  We assume that the earth is spherical and uniform. The satellite's position in the earth-
centered inertial coordinates should satisfy the equation of motion, 
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ሻݐԦሷሺݎ ൌ െ ఓ

௥యሺ௧ሻ
ሻݐԦሺݎ ൅ ݂ሺݐሻ ൅  ሻ              (19)ݐሺݑ

where µ ≡ 398,600 m3/s, r ≡ ||ݎԦ|| is the distance between the satellite and the center of the earth. 

The radial component of the satellite's velocity is given by ݒ௥ ≡
௩ሬԦ∙௥Ԧ

௥
, and the satellite’s specific 

angular momentum is given by ሬ݄Ԧ ൌ Ԧݎ ൈ ݅ Ԧ.  The orbit’s inclination is given byݒ ≡ cosିଵ ቀ௛೥
௛
ቁ, 

and its eccentricity by 

Ԧ݁ ≡ ଵ

ఓ
ቂቀݒଶ െ ఓ

௥
ቁ Ԧݎ െ Ԧቃݒ௥ݒݎ      (20) 

The longitude of the ascending node is given by 

Ω ≡ ቊ
cosିଵሺ݊௫ሻ ݊௬ ൒ 0

ߨ2 െ cosିଵሺ݊௫ሻ ݊௬ ൏ 0
      (21) 

and the argument of perigee is given by 

ω ≡ ቐ
cosିଵ ቀ௡

ሬԦ∙௘Ԧ

௘
ቁ ݁௭ ൐ 0

ߨ2 െ cosିଵ ቀ௡
ሬԦ∙௘Ԧ

௘
ቁ ݁௭ ൏ 0

     (22) 

with the convention that ߱ ൌ cosିଵ ቀ௘ೣ
௘
ቁ for an equatorial orbit.  The true anomaly is given by 

ν ≡ ቐ
cosିଵ ቀ௘

Ԧ∙௥Ԧ

௘௥
ቁ ௥ݒ ൐ 0

ߨ2 െ cosିଵ ቀ௘
Ԧ∙௥Ԧ

௘௥
ቁ ௥ݒ ൏ 0

     (23) 

with the convention that ߥ ൌ cosିଵ ቀ௥ೣ
௥
ቁ for a circular orbit.  The eccentric anomaly is given by 

ܧ ൌ cosିଵ ቀଵି௥/௔
௘

ቁ               (24) 

where ܽ ൌ ଶ
మ
ೝ
ିೡ

మ

ഋ

.  The mean anomaly is given by ܯ ൌ ܧ െ ݁ sin  and the orbit period is given ,ܧ

by ܶ ൌ ට௔యߨ2

ఓ
.  The position of the satellite is fully defined by the parameter set ሼ݅, Ω, ߱, ܶ, ݁,   .ሽߥ

The angles ሼ݅, Ω, ߱ሽ transform the inertial frame to the orbital frame, T and e define the size and 
shape of the orbit, and ν defines the satellite’s position. 
For the purposes of this project, we will consider two types of disturbances that each satellite 
may be subjected to, namely atmospheric drag and solar radiation pressure. The acceleration due 
to drag can be modeled as 

஽݂ ൌ െ ଵ

ଶ
஽ܥ

஺೎ೞఘ௩ೝమ

௠௩
 Ԧ (25)ݒ

The acceleration due to the solar radiation pressure is modeled as 

ோ݂ ൌ െ ாܲሺ1 ൅ ߳ሻ ஺೎ೞ௥Ԧೄ
௠‖௥Ԧೄ‖య

ൈ 1	AUଶ      (26) 

The sum of the disturbances acting on each satellite in (19) is 
݂ሺݐሻ ൌ ஽݂ ൅ ோ݂ (27) 
The dynamics of the total constellation can be expressed as 
ሻݐሶ௜ሺݔ ൌ ሻݐ௜ሺݔ௜ܣ ൅ ܾ௜ݑ௜ሺݐሻ ൅ ,ሻݐ௜ሺߪ ݅ ൌ 1, 2, 3

ሻݐ௜௝ሺݕ ൌ ܿ௜௝ݔ௜ሺݐሻ, ݆ ൌ 1, 2, 3      (28) 

where 
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ଵݔ ൌ ሾݎ௫ଵ ௫ଵݒ ௫ଶݎ ௫ଶݒ ௫ଷݎ ௫ଷሿୃݒ

ଶݔ ൌ ሾݎ௬ଵ ௬ଵݒ ௬ଶݎ ௬ଶݒ ௬ଷݎ ௬ଷሿୃݒ

ଷݔ ൌ ሾݎ௭ଵ ௭ଵݒ ௭ଶݎ ௭ଶݒ ௭ଷݎ ௭ଷሿୃݒ
            (29) 

and  
ܿ௜ଵ ൌ ሾ1 0 0 0 0 0ሿ
ܿ௜ଶ ൌ ሾ0 0 1 0 0 0ሿ
ܿ௜ଷ ൌ ሾ0 0 0 0 0 1ሿ

              (30) 

for all i. 
We do not model the actuators used to generate the thrust for each satellite. Here, we will simply 
assume that any thrust less than a given limit can be obtained by an inner-loop controller, 
௜௝ݑ ൑  ௠௔௫                (31)ݑ
In the interest of fuel conservation, each satellite is only controlled when it leaves a defined error 
box about the reference position. The error box is larger when the satellite is entering it than 
when leaving it. We have 

௜௝ݑ ൌ

ە
ۖ
۔

ۖ
௜௝,௡௢௠ݑۓ if	หܴ௜௝ െ ௜௝หݕ ൐ 	and	௜௡ܧ

ௗ

ௗ௧
หܴ௜௝ െ ௜௝หݕ ൑ 0

௜௝,௡௢௠ݑ if	หܴ௜௝ െ ௜௝หݕ ൐ 	and	௜௡ܧ
ௗ

ௗ௧
หܴ௜௝ െ ௜௝หݕ ൐ 0

0 if	หܴ௜௝ െ ௜௝หݕ ൑ 	and	௜௡ܧ
ௗ

ௗ௧
หܴ௜௝ െ ௜௝หݕ ൏ 0

0 if	หܴ௜௝ െ ௜௝หݕ ൏ 	and	௜௡ܧ
ௗ

ௗ௧
หܴ௜௝ െ ௜௝หݕ ൒ 0

 (32) 

Finally, the control objective is for all three satellites to maintain an equal distribution around the 
earth at a given constant altitude and in the same orbital plane. 
Since all individual satellite faces uncertainties and disturbances described above, same 
algorithm can be implemented as distributed controllers for individual satellite in a satellite 
constellation. The adaptive algorithm for a single agent described in 3.0-3.3 can be implemented 
as decentralized controller. The only modification is how the desired reference trajectories will 
be derived. Eq. (8)-(9) will be revised to an optimization problem in the multi-agent framework. 
In addition to fuel cost, cooperative objective will also be considered.  

4.0    RESULTS AND DISCUSSION 

Figure 1 shows simulation results for a system with the parameters  

A ൌ ൤
0 10
െ1 െ√2

൨ , B ൌ ቂ1 1
0 1

ቃ , T ൌ 0.0001, Cሺsሻ ൌ ଵ଴଴

ୱାଵ଴଴
, and	gሺxሻ ൌ xଵ ൅ xଶ ൅ 50.  
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Figure 1. Simulation Results 

The simulation results show good tracking performance while r(t) varies according to the 
reference optimization algorithm. Extension to multi-agent systems with its application to 
satellite constellation is under further investigation.  

5.0  CONCLUSIONS AND RECOMMENDATIONS 

5.1. Conclusions.  This report presents a new method for reference trajectory optimization for 
use with the L1 adaptive control architecture.  The L1 formulation specifically lends itself to 
solving the optimization problem if we assume the system is in steady state.  Since adaptive 
uncertainty estimates are available, we can substitute the estimates into the optimization problem 
in order to find the solution for a system with unknown disturbances and modelling uncertainty. 
The simulation results show that the controller is able to track satisfactorily whilst updating the 
reference signal according to the reference optimization algorithm. The method can be further 
extended to multi-agent systems. In a satellite constellation, reference trajectory can be 
optimized in a distributed manner using multi-objective optimization. At the same time, each 
single satellite can follow optimized reference trajectories individually. 

5.2. Recommendations.  This result lends itself to application in a multi-agent cooperative 
control setting and specifically the problem of satellite constellation control.  In this framework, 
the problem formulation is similar to what has been presented here, except the system state is 
composed of state variables from multiple independent vehicles, each with their own 
decentralized controllers.  Then the control input is the thrust of each satellite, and minimizing it 
is equivalent to minimizing fuel usage of the constellation. 

In the future extension to satellite constellation control, models would be adopted for 
gravitational forces, aerodynamic drag, and solar radiation pressure.  Each member of the 
constellation would operate in one of two modes: continuous low-thrust or impulsive high-thrust. 
The continuous low-thrust mode is used when the satellite is on or very near to the desired orbit 
or trajectory.  If the satellite drifts past a threshold distance away from the desired path, the 
impulsive high-thrust mode is switched on.  The switching logic between these modes may 
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introduce additional considerations for theoretical algorithm development.  Overall, the reference 
optimization controller provides a rich basis for investigating applications relevant to AFRL’s 
goals. 
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